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SHEAR LAG- III CORRUGATED SHEETS USED FOR 
THE CHORD MEMBER OF A BOX BEAM 
By Joseph 3. Newell and Eric Re issuer 

SUMMARY 



The problem of the distribution of normal stress 
across a wide corrugated sheet u*sed as the chord of a box** 
beamlike structure is investigated theoretically and ex- 
perimentally. Expressions are developed giving the stress 
distribution in "beams symmetrical or un symmetrical about 
a plane passed spanwise through the center of the sheet. 
The experiments were arranged to insure bending without 
torsion and surveys of the normal stresses were made by 
means of mechanical and electrical strain gages. 

The experimental data showed very -^ood agreement with 
the shape of the theoretical curves, especially at the 
highly stressed sections, for both the symmetrical and un- 
symmetrical beams* 

Several suggestions for future research are included. 



INTRODUCTION 



This paper is presented in two parts. In part I, ex- 
pressions are developed for the distribution of normal 
stress across a wide corrugated sheet used as the chord of 
a box beam, regard bein^ ^iven to the variation in normal 
stress resulting from shear lag in the sheet. The devel- 
oped expressions cover the cases of symmetrical and unsym- 
metrical box beams with respect to a plane passed spanwise 
through the center of the sheet. 

In part II of the paper, the experimental results 
arc presented. Strain-^a^e surveys were made to obtain 
the distribution of nonr.al stresses across a series of sec- 
tions of the corrugated sheet. Eu-T^enbe r^e r tensometers 
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were used for the symmetrical beam, and both Huggenberger 
t ensometers and a fine-wire electrical gage were used for 
the unsymmet r ical specimen. Because the corrugated sheet 
was not perfectly flat and "because complications due to 
possible increased buckling of the. sheet were to be 
avoided, the beams were always loaded so that the sheet 
formed the tension chord of the box. 

Inasmuch as more data were obtained for the un sym- 
metrical specimen, the data for that beam a.re somewhat 
more definite than for the symmetrical. The shape of the 
stress-distribution curves at all sections is in general 
accord with the developed theory. 

The theoretical procedure presented in part I is the 
work of E*% Zric Heissner of the Department of Mathematics 
of the lias sachuse t ts Institute of Technology. At his sug- 
gestion, Hymen Katz investigated the effect of varying 
certain transverse stiffnesses on the symmetrical beam; 
the data credited to him are taken from reference 1. 

Aldridge (reference 2) and Anarante (references 3 
and 4) carried out the experimental work on the symmetri- 
cal beam. The test data are taken from references 2, 3, 
and 4; most of the work was from the tests of Amarante, 
who investigated several cross sections of the beam. 

The wire-resistance strain gages were developed by 
Prof. A. C. Huge of 'Massachusetts Institute of Technology. 
They were adapted for use on the corrugated sheet by W . T. 
Shuler, who also made the stress surveys on the unsymmet - 
r ical beam. 

The entire project was carried out under the super- 
vision of Prof. J, S. Newell of the Aeronautics Department 
of the Massachusetts Institute of Technology. It was 
made possible by financial assistance from the National 
Advisory Committee for Aeronautics under its program for 
fostering* research in educational institutions. 
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PART I - TEEOSBHICAL INVESTIGATION 



A - SCOPE 0? THE 3? HE DRY DEVELOPED 



The present theory of the shear la-^ nay be consid- 
ered as occupying a position intermediate" oetwoen those 
proposed by Ton Karnan, Heissner , Younger, Kuhn , and 
Ebner and Koller. (See references 5 to 8, and 10.) It 
was first presented in 1938 (reference 9) without, how- 
ever, elucidating its relation to the existing theories. 
It nay he briefly described by saying that it is applica- 
ble to the problems of Yon Harm aft and Younger without 
hein^ of the sane r.at hena,t i cal conplexity and that it nay 
he used on problems to nr&ich Kuhn 1 s , and Ebner and Koller *s 
theories are not applicable. 

The relation between the different theories will be 
brought out in section 3. In section 0, the present the- 
ory is applied to the analysis of a synnetrical one-bay 
beam; calculations previously report ed ■ in references 1 and 
9 have been partly repeated and extended. In section I) 
the theory is used for the analysis of an un syrr.met ri cal 
one-bay beam under un symmet ri cal loading conditions. The 
procedure used with this case has not be en ' publi shed pre- 
vious ly. ; 



B - THE : 'ATHEL'AT I GAL FUNDAMENTALS OF -THE SHEAR -LAG- THEORY 
DESCRIPTION OF THE STRUCTURE ANALYZED 



The fundamentals of the shear-la^ theory are best ex- 
plained by ■ considering one simple structure; a symmetrical 
box beam characterized by the following data' is utilized 
here ( see f 1 ) : : 

She spa.n length I . 

The width 2w . With corrugated sheet, 2w is the 
developed width of the corrugated sheet, bein^ 
c tines the projected width where c is a coef- 
ficient depending upon the pitch-depth ratio of 
the corrugation. 
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The moment of inertia of the side leam and cover 
plates, I 0 . 

The thickness of the cover sheet, t. 

The elastic moduli of the cover sheet. 

The cross-sectional area A of a stringer symmetri- 
cally attached to the cover sheet, if a stringer 
"be used. 

This box beam is assumed to be rigidly supported at 
one end and to be loaded at the free ends of the side 
b e am s . 

The aim of the procedure developed here is the deter- 
mination of the distribution of stress in the cover sheet, 
in the side beams, and in the middle stiffener if one be 
used. The need for such a procedure was shown by strain 
surveys on airplane wings, v/hich demonstrated that all 
regions of the cover sheet would not be equally effective 
and, consequently, that the elementary beam theory which 
assumed uniform normal stress distribution across the 
cover sheet was no longer sufficiently accurate. 

The cover sheets being flat and without load normal 
to their plane and the sheet thickness t small compared 
with the height h of the beam, it follows that the prob- 
lem of the determination of the stresses in the sheet can 
be classified as a problem of plane stress. 

THE FUNDAMENTALS OF THE THEORY OF PLANE STRESS 



It is well known that the theory of plane stress leads 
to a set of differential equations involving three stress 
components and two displacement components and that these 
equations are made complete by the addition of a set of 
boundary conditions v/hich express the manner in v/hich the 
loads are introduced into the sheet. 

In the following discussion it is essential that the 
sheet be considered an anisotropic material, that is, a 
material possessing elastic properties different in its 
transverse and longitudinal directions. One of the pur- 
poses of this section is, in fact, to point out that the 
various existing theories distinguish themselves only by 
making different assumptions concerning the anisotropy 
of the sheet material. 
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The fundamental plane-stress equations are: 

a) The equations of equilibrium for the three stress 

component s 

$ 0" x a T 

+ — =0 (la) 



O X 



5y 



— + — ^ =0 (lb) 

ox d 7 

b) The stress-strain relations involving the stress 
components and the displacement components u 
and v, which are, for an anisotropic material 
of the hind here considered, 

3u , s 

— ■ = cr« - u Y 0L, (2a J 

x dx . * * J 

By ^ = CT y - Vy ff x (2b) 

\ oy ox y v ^' w 

In these equations , E x denotes the modulus of 
elasticity in spanwise and By in transverse direction 

if a system of coordinates x,y be introduced where the 
x-direct ion is the spanwise and the y-direction the trans- 
verse. The symbol G denotes the shear modulus. (As 
long as the sheet is not wrinkled, 6 is a constant of 
the material. For sheets wrinkled under the influence of 
stress, it is customary to denote G as the reduced shear 
modulus, the amount of reduction depending on the extent 
to which wrinkles are developed. No consideration is, 
however, given to this aspect of the problem in the pres- 
ent investigation.) The constants v x and tf~ are two 

Poisson's ratios. For the existence of a strain-energy 
function, it is necessary that the following relation 
exist between the elastic constants: 



J x = V X *y 
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Concerning the "boundary conditions, it is necessary 
only to state at this place that they express the condi- 
tions of support as well as the condition that the strains 
in the side beams and stiffeners must coincide with those 
of the sheet along all junctions and that each element of 
these members must be in equilibrium under the influence 
of the external forces and of the edge shear of the sheet 
acting on the element. 



A DISCUSSION OF THE EXISTING SOLUTIONS 



The basic equations (l) and (2) being available, it 
is possible to state the differences between the existing 
solutions of the shear-lag problem as follows: 



(a) Von K^rm^n (reference 5) 



y x y 2(1 + v) 

(t>) Younger (reference 7): 

ffi x = 3, By s 08, v x = Vy. = 0 

(c) Kuhn (reference 8): 

3 X = 0, E y = », Vx s = 0 

(d) Eeissner (reference 9) J 



S x = E, E y = 0, V x s V , U y = 0, a = 

2(1 + V) 



(e) Ebner and Koller (reference 10) : 
E x = 0, By = 0, v x = v y = 0 



The foregoing conditions indicate that Von Karman 4 
considered an isotropic sheet, Younger a sheet elastic 
in the. spanwise direction but rigid in the transverse, 
Kuhn a sheet having no spanwise elasticity but rigid 
transversely. P.eissner 's solution presupposes a material 
elastic in the spanwise direction and not resistant trans- 
versely, while Ebner and Koller consider a sheet material 
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entirely lacking in resistance to normal stresses ar.d ef- 
fective only in shear. 

Solutions (a) and (b) 'have a certain disadvantage in 
that the mathematical difficulty in satisfying all bound- 
ary conditions may be great, it having been surmounted at 
present only for certain types o£ boundary conditions. 
The solvable cases may be characterized by the statement 
that for them the structure considered must be part of a 
beam infinitely extended in the spanwise direction and 
subjected to a periodic load distribution. For a beam of 
finite span - length equal to 1, 1/2, or 1/4 period - this 
requires that the following conditions are satisfied at 
the ends: Zither shear stress and spanwise displacement 
are simultaneously zero, or normal stress and transverse 
displacement are simultaneously zero. Whereas the second 
condition describes the state of stress at the free end 
of a beam rather well, it is uncertain to what extent the 
first condition of vanishing shear along a built-in edge 
may reduce the accuracy of the solution in the neighborhood 
of the edge when applied to actual problems. 

Xuhn's solution (c! may be said to be eminently appli- 
cable if the structure is such that the axial load carry- 
ing capacity of the sheets is insignificant compared v;ith 
the corresponding capacity of the stringer material. If, 
however, mos-c of the axial normal stress is carried by the 
sheets, as would occur with corrugated cover sheets, his 
theory does not appear to apply. 

It v;as for this c^se that solution (d) wag developed. 
This theory gives essentially the re.sults of theories (a) 
and (o) without being of the same matnematical difficulty, 
the simplifying assumption involved being that the trans- 
verse normal stresses which accompany the shear and span- 
wise normal stress, but are not in themselves of primary 
interest, are not carried by the sheet itself but by trans- 
verse stiff eners . The specific advantage of this theory 
is that it is possible to satisfy any boundary condition 
which may occur along transverse sections. It is thought 
that this theory is applicable to flat sheets as well as 
corrugated, v:hen the corrugated sheets are considered as 
nonisotropic flat sheets. Owing to the neglected trans- 
verse resistance of the material, it is to be expected 
that the results are closer to reality for corrugated than 
for fiat sheets, which is one of the reasons for testing a 
beam with corrugated cover. 
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The theory of Ebner and Koller (reference 1C) goes 
further. It neglects the resistance of the sheet to both 
transverse and spanvyise normal stresses and takes into 
consideration only the no rmal- s t r e s s - car r y ing capacity 
of the stiffener and the shear-stress-carrying capacity 
of the sheet. Therefore, the remarks made about Kuhn 1 s 
theory also apply here. One observation which should he 
added, however, is that the Ebner-Xoller theory is essen- 
tially a framework theory and the methods developed for 
the treatment of statically indeterminate frameworks can 
therefore he applied to i^ermit the analysis of rather 
complicated structures. 



THE GE ITS HAL SOLUTION ?0R THE SHEET 
WITHOUT TRANSVERSA STIEPITESS 



In this section the general solution, as previously 
derived in reference 9, of the equations (l) and (2) is 
given for the case (d): 

E x = E, By = 0 

It is written in the form 

cr v = 0 (3a) 

T - f(y) (3t>) 

cr x = -xf »(y) + g(y) (3c) 

E u - - I x S f '(y) + xg(y) + h(y) (4a) 

E v = | x 3 f»(y) - I x 2 g'(y) - xh'(y) + (| ) xf ty)*k(y> <4t>) 



where f, g, h, and k are four arbitrary functions. 
The solution is to he obtained by direct integration of 
equations (l) and (2); the arbitrary functions in the 
solution are determined from conditions along transverse 
sections of the beam, and the remaining arbitrary con- 
stants are determined from conditions along the junction 
between side webs and sheets, or stringers and sheets. 
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C - SHEAR LAG IN A SYMMETRICAL BEA:; U17DER 
SYMMETRICAL LOAD I US COITMT I01TS 
THE BEAM WITH AX I ALLY RIGID TRANSVERSE E1TD ST IEFZNER 



In this section the stress distribution in the cover 
sheet of the he am that v/as investigated experimentally is 
determined theoretically. A beam is considered carrying 
a cover sheet on only one side. Furthermore, no spanwise 
stringer is attached. (See fig. 2.) For the behavior of 
the transverse end stiffener the following assumptions azfe 
made : 

1. The deformation of the stiffener in the direction 

of its own axis is neglected. This assumption 
is later shown to be permissible. 

2. The resistance to bending in the plane of the 

sheet is neglected in comparison with the cor- 
responding resistance of the sheet. This as- 
sumption follows from the fact that 

T 3 

i stiffener <<: * as ^ as ^ een noted previously 

in reference 8. 

Under these assumptions the following boundary condi- 
tions hold 2 

At the built-in end, 

X a 0, u= 0, v = 0 (5a,b) 
At the free end, 

x = I, a x = 0, v = 0 { (6a,b) 

These conditions are those assumed in reference 9. In ad- 
dition, one condition not previously mentioned is needed 
to determine the solution numerically. In order to formu- 
late this condition, it is first necessary to determine 
what may be called the "effective width" of the sheet, 
that is, that width of the sheet which under the assump- 
tion of uniform stress distribution would add the same 
strength to the beam as the actual sheet under the actual 
(not yet determined) stress distribution. This width may 
be written 
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(?) 



If the section modulus tf of the "beam is determined 
with this V7 e ff» then the remaining condition is 



edge 



M 
V/ 



(8) 



In-order to determine W, it is first necessary to 
find the neutral axis of the "beam, and then the moment of 
inertia. The following calculation gives these quantities 



in a convenient form. Jor the distance 
axis from the top one has (fig. 3) 



w 



ef f 



ft) = e 0 A 0 



of the neutral 

O) 



The moment of inertia is 
I 



I o + ( e 0 - e) A 



o + e-w eff t 



+ e 



0 



+ e c A 0 - 2ee 0 A 0 + e w e fft 



= *o + e 0 2 A 0 + e 2 (A 0 -i- \t Q fft) - 2ee 0 A 0 
and with (9) 

I = I 0 + e 0 A 0 + ee 0 A 0 - 2ee 0 A 0 

= I 0 + e 0 2 A 0 - ee 0 A 0 

= I 0 + ee 0 (A 0 + w eff t) - e 0 A 0 

I = I 0 + ee 0 w eff t 

With (9) and (10) one has 

L 



W 



I 

e 



eo A o 



(A 



o + %f£*') + v 'eff t e < 



8 r + W 



ef 



.4 ( 



e 0 + 



e o A o 



Introducing (ll) into ( 8) gives 



(<r«) 



+ w. 



^'edge L e 0 ' "eff 
and with w e ff from (?) 



e o A o /j 



= M 



(10) 



(11) 
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V^edge + * (e 0 + jfjfc)//?,* » M 



(<T ) + fi + _Jk- VVdy = I^M (12) 

X edge J V e 0 2 A 0 J J o * I 0 



liquation ( 12) will serve to make the solution coraplet 



c , 



Introducing the boundary conditions (5) and (6) into 
the general solution, equations (o) and (4) , gives 

h(y) = 0, k<y) = 0 • (IS) 

-lf'(y) + s(y) = 0 (14) 

ii 3 f(y) - fiV(y) + (I) t t (7) = 0 (15) 



Inserting (14) into (15) gi\ 



ve i 



(yV+ V f (y) - 0 (16) 



This second-order linear differential equation has the 
s o lut i on • - - 

f (y) = c x sinh Ky + c a cosh Ky (17) 
where c x and c 2 are constants of integration and 

i TEE , N 

K = (18) 

Che stresses are, according to equations (3) and (14) 

T = f (y). : ' (19) 

C x r: ( 1 ~ x ) f «(y) • ' (20) 

Since the normal stress GT must be even in y, it 
follows that 

c 2 = 0 ' (21) 

The remaining constant c x is to be determined from the 
last edge condition (12). Introducing (20) into (12) gives 
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(i - x ) f Mw) + (i + ~fr-) (f(w) - f(o)) 

I o S e 0 A o / 



= M IS. = P(l - x) 1° 



(22) 



Inserting the value of f(y) iron (17) into (.22) gives 



K cosh K w + — f 1 + 
*o ^ 



Iq \ 1 
—j— J sinh K w j = P (23) 
o A o ' j 



from which one obtains finally for 0' 

P(l - x)±£ 



cosh k 7 



1 + 



wt eo' 



(i ♦ -is-) 

^ 0 0 



tanh k v; cosh k w 



K w 



(24) 



It is this expression for J x which is to be checked 
against the experimental data obtained on the symmetrical 
beam in part II of this report. 



TH2 beam with elastic bud siiMamiR 



In this section the extent to which the axial defor- 
mation of the end stiffener influences the stress distri- 
bution in the sheet is investigated. The result will be 
that this influence will be so small that the simpler solu- 
tion of the preceding paragraph is sufficiently accurate 
under ordinary conditions. 

The boundary condition which now must be satisfied - 
instead of condition (ob), that the transverse end dis- 
placement v(l) vanishes - will express the fact that 
axial deformation of the stiffener under the influence of 
the shear acting between, sheet and stiffener must equal 
the corresponding deformation of the sheet. 

If the transverse-stiff ener stress is denoted by a , 
then, in order that each stiffener element be in equilib- 
rium under the influence of the forces acting on it, one 
has 



97 (A s a s ) - t T(l) = 0 



(25) 
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The stress <j produces an a&ial strain of amount • . . 



s 



For reasons of continuity, v s (y) must equal the trans- 
verse displacement v( I , y) or the sheet. Thus, combin- 
ing (25) and ( £ 6 ) , there follows a condition, containing 
pnly sheet stresses and strains 



By. |[ s 3y 



- tT(l ,y) - 0 (37) 



Since no forces are introduced at the free ends of the 
s t if f ener , it follows that 

a ( w ) = E fi4bzj ) = 0 (28) 

All ■boundary conditions are now represented "by (5a, b), 

(6a), (27), (28), and (12) . As before, it follows from 
(5a,b) and (£a) that in the general solution (3) and (4) 

h(y) «» 0, k(y) = 0 (13) 

g(y) = tf»(y) (14) 

With that, 

' T = f(y) (3b) 

and from (4b), 

= ix 3 f I7 (y) - (y) + |xf«(y) (29) 
which, with g(y) from (14) , 

s ^?~l) = - I i 3 f I7 (y) + S «»<y) (30) 
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Introducing this relation into the "boundary condition (27) 
gives the differential equation for f(y) 



ipf I7 (y) + §1 f »(y) - j~ f(y) . 0 



(51) 



or 



.IV 331 X -«.tf ■ 3t 



f " + 



Q I 2 " l 3 A c 



f = 0 



(31a) 



Since this is a linear equation containing only derivatives 
of even order, one may assume for the solution 



f = sinh Xy 



(32) 



which, introduced into (31a), converts this expression 
into 



x 4 - ™- x 2 * J±- = 0 



l 2 G 



(33) 



X 2 = 



21 3 G 



1 + 



1 - 



( 4& a 
V 3E 2 



11 

A c 



(34) 



X. 



X. 



A- 3E 1 \ 1 + A /4G 2 \ U 1 



X 3 G 2 L 



3E' 



_L 3S 1 r _ / _ /4Gf_\ Ul 
\ z G 2 L _ </ W' A, J 



> (35) 



It is remarkable that values of X, and X 2 are real 
only so long as 



11 < £ S 
A s 4 \ G / 



(36) 



that is, as long as for the given sheet dimensions the 
stiffener area A s is not too small. Although there is 
no great difficulty in handling the cases of complex X, 
they are not considered here since the calculat ions in- 
volved would he rather lengthy. 
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For real A x and A 2 one has as the solution of 
equation (31a) 



f = C'i sinh A x y + c 2 sinh A s y 



(37) 



The two constants Or and c 2 follow from the remaining; 
conditions (28) and (12). 

Prom (28) , together v/ith (30) , 



f«*(w) - 4P-f l (w) = 0 (38) 

which gives 

cjx' - AJcosh X.w 4- c 2 A 2 3 --^- A 2 jcoshA 2 w = 0 (39) 

This can be simplified, observing that from (35) follows 



A- 



■X 2 



As 



SE 



~ A« 



(40) 



so that 

c 1X3^X3 2 cosh AjW + CgAgA^ cosh A 2 w = 0 (41 ) 

l« r ith this, (37) "becomes 

n t \ ' ' f * i V A A S COSh AnW ' " ' 

f(yj = c u sinh A 1 y - — - sinh A 2 y 

L A, COSh AgW J 

and with some other constant, c 

T « f (y) = c A x ( coshA 2 w) s inhA 1 y - A 2 ( cosh h x w) s inh A 2 y ! (42) 

L J 

The normal stress 0' x becomes 
C% * U - x)f'(y) 

= c(l - x) [A 1 ^ ( coshA 2 w) cosh A x y - A 2 2 (cosh A x w)coshA 2 y] 

(42a) 

and the effective width, defined "by equation (7) 



lojx'y (l - x)f(v;) 
v -eff ~ "^T^TT = H - x )f '(•;) 
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w 



ef f 



X i cosh }\ 2 w B Inh XjW ~ cosh X^^w sinh A 2 w 
( A-^ - X 2 2 ) cosh A^w cosh X jW 



w 



ef f 



X 



[X x tanh A x w - X 2 tanh X 3 w] 



- X : 



(43) 



In figure 4(a) are plotted values of w e ff/ w versus w/t 
for different values of the quantity lt/A s . These curves, 
which are taken from reference 1, show that in the prac- 
tical range, when 0 < w/l < 0.6, w e ff/ w is vor 3 r little 
influenced by a change or the original assumption lt/A s =0. 
It has therefore been considered unnecessary to carry the 
calculation further toward numerical values for the actual 
distribution of stress across the panel which was calculat- 
ed for the case It/A* * 0. 



In r a f e r e n c 
into considerat i 
verse stiifener 
t i on ( 43) , was a 
to figure 4(a) h 
limiting case of 
that , in the pra 
considered equal 
sumption I ss oo 
to determine the 
and loaded in th 
w i s e displacemen 
one may therefor 
of the middle so 
stiffen e.r rigid. 



e 1 calculations have also "been made taking 
on the moment of inertia I of the trans- 
in the plane of the sheet, which, for equa- 
ssumed equal to zero. Curves corresponding 
ave been plotted in figure 4(h) for the 

infinite stiffness I & a, They also show 
ctical range, the value of lt/A s may he 
to zero. It may be remarked that the as- 
is exactly the one to be made if one wants 
stresses in a ber.m built In on two ends 
e middle, Tor reasons of symmetry the span- 
t u is zero along the middle section and 
e consider the part of the beam to one side 
ction as a cantilever with a transverse end 
in bending. 



D - STUUSS 3ISTHI3UTI01T IN THE UNS YMMETHI OAI BEAM 
riTH HIT S fU LIE T R I OA L LOAD APPLICATION 

F.OH:.:uLAric: T op the problem 



A structure consisting of two side beams of unequal 
dimensions, and a cover sheet which is attached to both side 
beams, is to be investigated in this section. The struc- 
ture is loaded at the free end o y - two concentrated forces 
of different magnitudes, each applied to one of the side 
beams. (See f i?. 5.) 
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There appears to "be no previous treatment of this 
particular structural problem in the literature, whe t he r 
the shear lag in the cover sheet he considered or disre- 
garded. In order to cover the practical ranvSe of struc-' 
tures of this sort a general solution is developed and 
its application to certain specific arrangements is in- 
vest igated . 

One of the limiting cases for the solution, that for 
which the sheet width is small compared with the span 
length so that shear lag is negligible, is derived from 
the more general solution and the result stated separately, 

For the analysis of the structure the following as- 
sumptions are made: 

1. The distribution of normal stress across the sec- 

tions of the side beams is linear. 

2. The stress distribution in the cover sheet is 







governed by the laws 


of plane stress. 






DEFINITION OF 


SYMBOLS 




I 


span of beam 






2w 


width of beam 




II. 


li 


moments of inertia of 


side beams 


Ai , 




cross- sectional areas 


of side beams 


e i i 


e 2 


distances of neutral 


axes of side beams from 



cover 

h x t &s heights of side beams 

, 0*2 normal stresses in side beams 

T- i T 2 shear stresses in side beams 

or x , T stresses in cover sheet 

C, y ! z coordinates: - x,y in plane of sheet, 

z normal to plane of sheet 

b 1 , b 2 thicknesses of side beams 
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P lt P 3 loads on side oeams 
1 



V = 



* ♦ 4- 

e 2 A 



tw 

x = T 



coth u + tanh u 
a b - — 

co tli jj, - tanh |i 



BOUNDARY AND OTHER C03JDITI02T3 FOR THE STRESSES 

As boundary conditions one lias to satisfy the condi- 
tion of zero shear at the "bottom of the side beans: 

t 1 (h x ) = 0 (44a) 

T 8 (ha) = o (44b) 

the condition that the normal stresses in sheet and side 
beams are continuous: 

<J x (-w) = cr 1 (0) (45a) 

cr x (+w) = cr 2 (o) (45b) 

the condition that the edge shear in the sheet is in 
equilibrium with the shear at the top of the side beams 

t T (~w) - -b a (0) T x (C) (46a) 

t T (+*)' = b s (0) T 2 (0) (46b) 

As further boundary conditions one has the conditions 
(d) and' (6) at the fixed and at the free end of the sheet, 
which, as before, give for the sheet stresses 
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T a c 1 s inh K y + c 2 co sh K y ( 19 ) 

a (1 - x) k[c x cosh Ky + c 2 sinh icy] (30) 



In order to complete the statement of the problem, the 
following equilibrium conditions are added: 

The relation between side-beam shear and normal 
stress, 

3b(z) T(z) + 5 b(z) o-(z) _ q ^ . 

which may be integrated - considering (44) - to 

M*>T*,{i) 85 *. X C»>GT X C») dz (48a) 

b 2 (z)T 2 (z) = - ^ / 2 b 2 (z)cr 2 (z) dz (48b) 

The condition, that the resultant side-beam shear on each 
side equals the applied load, 

/ Tl (z) b^iOdz = P x (49a) 
h l 

f T 2 (z) b 2 (z)dz = P 2 (49b) 



h 



2 



On account of the assumed linear normal-stress dis- 
tribution in the side beams,' there may be written 

CT X = cr 1 (0) + zCT x »(0) (50a) 

• C7 3 = or 3 (Q) + zC7 2 I (0) (50b) 

Introducing these expression-, into equations (48) for the 
shear, it follows that 

rAz)\>Az) = - AbxCOdS - a ^' (0) £ «»i<Odi (51a) 

T 2 (z)b 2 (z) a - i2kM 4 b2 ( z )d,-^^- 4 zb 2 (z)dz (51b) 

d x n 2 ox 2 

and for the shear at the top of beam (z a 0) 
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7,(0)^(0) . 8 ^ (0) A x t ^'(0) eiAi (eaa) 
dx dx 

• T,(0)H.(0) - t£«d£l A 3 + !£§^£l e 2 A 3 (52b) 

ox ox 

Introducing equations ( 51) for the shear into equations (49) 
gives two equations of the form 

dx h I h J ox h L h J (53) 

If one transforms the double integrals in (-53), "by inte- 
gration "by parts, as follows 

/ {/ Z b(|)a|} &« ={z/%(i)d| } ■*<•)*■ (54) 

h I h J I h J h h 

the part which is integrated out vanishes at both limits, 
and one obtains instead of (53) 

9(7,(0) , Sou » (0) / 2 » , % 

- — r 3 ^— eiAx i— (e x A x + I x ) = P x (55a) 

ax ox 

A 2 V— < e 2 A 2 + I 2 ) = ? 3 (55h) 



5^(0) 0 

5 e 2 ~* 

OX OX 



The "boundary conditions in their final form are now * 

1. Prom (46) and (52) , 

— - + e x — ^ = - — T (-w) (56a) 

OX OX A 1 

9<y a(0) + C2 Bcr 3 , <°) B JL T (v;) (55b) 
3x Sx A 3 

2. From (45) and (50) , 

0"l(0) = £T x (-w) (45a) 
ff s (0) ■ c x (v;) (45b) 

3. Squat ions (55). 
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When the sheet stresses t(w) % t(-w) are expressed in 
terms of (7 x (w) and cr x (-w) (or vice versa), one has in 
equations (55), (56), and (.45) six equations for six un- 
knowns, which can be solved. 



RELATION BETWEEN EDGE SHE AH AND EDGE NORMAL 'STRESS 

IN THE SHEET 

The sheet stresses were 

T = c 1 sinh Ky + c 2 cosh Ky (19) 

cr x = ( I - x ) k C? i cosh K 7 + c 2 s inh k y ] ( 20 ) 
If CT x (w) and o\,.(~w) are prescribed, one obtains . 

(1 - x) k [c 1 cosh Kw + c 3 sinh Kw] = 0" x (w) (57a) 

(1 - x) k [c l cosh K'w - c 2 sinh Kw] = 0" x (-w) (57b) 

so that 



cr x (w) + cr x (-w) 
2(l - x ) K cosh Kw 



(58a) 



2(1 - x) K s inhKw 



and 



1 r o" (w) + CT x (-w) sinhKy fx(w) - Ox(-w) coshKy\ , 

T = — < — : r + — : ; r — M 59) 

Kl 2(1 - x) coshKw 2(1 - x) smhKwJ 



W r i t ing novr 

(J x * (t - x)s x , cr 1 = (1 - x)s a ., 0r 8 * (i - x)s 2 (60) 
gives 

T(w) = -J-[s x (v.0 + s x (-w) ] tanh kw + J [s x ( w ) - s x ( -w )] c o th m H 61a) 

t(-w) = ■^f^~[s x (w) + s x (-v/) ] tanh kw -t— ~ [s x ( v; ) - s x ( -w )] c o th.Kw j>( 6 lb ) 
and the boundary conditions (55), (56), and (45) become 
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Sl (0) e x A x + B l , (0) (ei 2 A 1 + I x ) t x 
s 3 (C) e 2 A 2 + s 2 l (0)(e 2 2 A 2 + I 2 ) = P 2 

/ , \ tw f s x (w) + Sx(-w) tanh kw 

si(0) + e lSl M0) = + — - \ 5 ± 

Ail 2 Kw 

s x (w) - s x (-w) coth K v/ 

/ A \ J i/aN tw / B x(w) + sx(-w) tanh kw 

*3 I 2 KW 

Sv(w) - s x (-w) coth KW 



2 KW 
S x (0) a S x (-w) 

S 2 (0) = b x M 

latroduclng (64) into (6o) and writing for brevity 

tw 



= A 



coth Kw + tanh ICw 
K W 

one obtains 

r i 

s x (0) | 1 + -^a 



«= a, 



coth kw - tanh Kw 

KW 



s a (0) 



2 



1 + ~A 2 a 



Eliminating 3 x 1 (0) and s 2 ! (0) "by means of (62): 

si(O) = — I s(0)^SA 

e A + I e A + I 

one has, with the further abbreviation, 

1 



1 + 



(62a) 
(62b) 



(63a) 



(63b) 

(64a) 
(64b) 

(65) 
(66) 



- s 2 (0) 
_ 


- 2 _ 


+ s j, ' ( 0 ) e x = 


-. 0 (67a) 


- s x (0) 




+ s 2 '(0) e 2 = 


: 0 (67b) 



(52) 



(68) 



: 3 A 
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s x (0) |.l + h, x a - y x 



r 



s s (0) 1 + ix 2 a - y 3 - iXsfSiCO) 



'i ei 



e x A x + : i 

Of. As + Is 



(69a) 
(69b) 



EXPRESSIONS FOH THE STRESSES 
Solving the equations (39), one may v/rite: 
83.(0) = k u P x + k 12 P 2 
s 3 (0) = k a i ?i + k sa P 3 



where 



o r A, 



1 + 2Ls£ 



2 



—J*— (— — ]• 

I a 2 3 • 



e^A, + I. 



12 



L ' - 1 *~ r -v -1 -1 

e 2 L >m a, 



^2 3 A 2 + 1 2 L 



q_ + ^ii: _ y 

2 J 



•22 - 



1 1 



ei A, + I- 



1 + ¥- v =]-i v>* p 



ll + -i- - V, 



1 + - v 3 



- J X 1 A 2 3 



(70a) 
(70b) 

(71a) 
(71b) 



(71c) 



(711) 



for the fiber stresses at the bottom of the side beams, 
one obtains, with (63) and (50) 



s x (h x ) = s 1 (0)+h 1 s 1 1 (0) = s x (0) .1 - 



h3.ej.A3, "I hiPi 

+ 



x ( hl ) = - Sl (o) ^-H^i + P 



^1 



. a (h 3 ) = - s 3 (0) (hg - es)ea + p 2 

e 2 2 A 2 + 1 2 



°x A x +I xJ 
*i 

ha 

e a 3 A a + Io 



e 1 a A 1 +I 1 

(72a) 



(72b) 
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The distribution of normal stresses across the cover sheet 
then follows, from (20), (58), (60), and (64), as 



0% 



( l _ ^) / s i (°) t s s (°) c oshKy + s x (0) - sj (0) s InhKy "1 , ?< 
^ 2 coshKw 2 sinhKw J 



Equations (70) to (7. r 5) contain the complete result for the 
problem considered, that of determining the stress distri- 
bution for an unsymmet r ical "beam with unsymmet rical loading 

In the following paragraphs, certain general conclu- 
sions which appear to "be useful have been drawn. 



A CONDITION FOR SYMMETRY OF THE STRESS IK THE SHEET 

The condition for symmetry of stress in the sheet is 

s x (0) = s 3 (0) 
which by means of (71) maj be written 



k 2 g - k 



ia 



Ml ~ k-a 1 



or, explicitly, 



Pi = P: 



and with (6S) and (68) 



e 2 


1 + 


2 


2 


-r - 

JL ^ 


e 1 


1 + 

L 


0 

0 


2 


- V 2 e 2 2 A 2 + I 2 

Ju 



(74) 



e 2 



ei 



Lea Aa + I: 



+ X. 



tanhKw 



2 1 T 

e 2 A 2 + I; 



It , 1 tw tanhKw 

' + eiAi I — - 



Pi 



r ' T -| 

A 9 . tw tanhKw 

+ ijpAj 1 - — 



— + 

e 2 



(75) 
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Condition (75), for symmetrical stress in the cover sheet, 
should he valuable for the ' experimental verification of 
the theory. * - . 

THE BEAM STRESSES EOR UO SHEAR .LAG 



■./hen the ratio between width w and span 1 is a 

small number, then shear lag - will be negligible and the 

res lilts of the calculation will be simplified. If w/l^ 
it follows from (6 6) that 



a 



2_ + i 

3 



3 



(kw) 3 (kw) 
and the equations given previously may be used 



,(0) 



+ k 



s 2 (0) = k 31 F : + k 



p 



( 5Ga) 

(70a) 
(70b) 



It is somewhat difficn.lt to obtain the limiting values of 
the k's for a and £ approaching infinity because the 
quantities occur in the combination aV , and Y = tw/A 
m-ay approach zero (for instance if the case of two separat 
beams - cover sheet thickness t = 0 - shall be included) 
Under such circumstances the computation proceeds as fol- 
1 ows : 



kii = - 



e^A, 



i - y 1 + m a - 

5 



(1/2) X 8 0 



7, + a X 3 /2J 



1 - Y, + 
From (66a) follows 



X x (l - y 3 )a + (1/2) X 3 (a 2 - P 3 ) 



(75) 



:(1 



Y s ) + (1/2) A 2 a. 



a 3 -6 3 ~ 



4 ^ 



l (kw) 2 3J 



1 



n 2 



3 ( KW) 2 3 ( K.w)' 2 (kw) 2 



= 4 



(65b) 
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so that e x 

k xl . (77) 

■»l*4s + I x 2 (I - Y 2 ) + aX 2 /2 

for t = 0 and a finite, that is, with no cover sheet, 
it follows that 



ei 



= - - (73) 



which is as it should be 



If t f 0, it is necessary to decide upon a useful 
range of values for a a, which is 

. tw / x v 2 g ti / i \ i / v 

a a « — - — = — ( — j — (79) 
A v W / 5E A \ W / 32 

Taking as reasonable values i s 10. — = — , A = 20x0.1. 

W SE 15 

t = 0.05, 1 = 200, one obtains the result, 
^> 

A a ~ dXIOx^t ~ 6, which, is somewhat larger than Y. 
Is 



Therefore, 



t i 0: * X1 « 1 1 1 (80)' 



eTAi + Ii A x L e s A 2 + I a A 2 J 

In this formula it is not correct to make t approach 
zero in order to obtain the result for the case of the 
two separate side beams. That result is, however, 
obtained if t and A 2 are both assumed equal to zero. 

For ki 2 , one obtains in the same way from (71b) 
t - 0: ki S - 0 e 2 , 

i \ 2 p 

Ijij + I 3 ■* . s 

t / 0: k ls « — ___ (si) 



2 4 ~ 4 



(i-VJ (i-v 2 ) + 
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\7 ELI C ' 



with (660) may 



\7r1tt en 



and since 06 & p 



G 2 


1 


3 A + 


T P 




-2 c 






-p + 


(1 - 








e 2 



- X 0 B 



— v 



a * p. 

' " x: 
+ x 



A ,a 



A „ + I . 



(1 - v 2 ) + a, 



(82) 



Rewriting equation (82) v/ith, according to (68), 



1 - 



e 2 A + I 



(68a) 



one has, with (70) and (60), for the normal stress in the 
top fiber of the side "beam which carries P x 



It + la — 



A s e 1 3 A 1 + I x 



A i e„ 3 A 2 + I. 



+ 2tw 



ej. a Ai + I a 



+ P : 



*8 , e 3 a A 3 + I 2 e £ 2 A 2 + I; 
I P -.— + I, 5 + 2tW 



(83) 



A: 



e x A x + Ij 



A corresponding result holds for o 3 . Assuming P 3 , A 2 , t 
or Pi, An t equal to zero yields the result for two 
separate side teaxs. 



THE SYMMETRICALLY DEFLECTED BEAM 



ing 
cal 



In a previous section a condition was derived insur- 
a distribution of stress in the cover sheet symmetri- 
about the center line (y = 0) of the sheet. It is 
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apparent that for unequal side beams this condition will, 
in general, produce unequal deflections of the side "beams. 
Since the condition of equal deflection of the two side 
"beams is also of some interest, it shall now "be derived. 

According to eqiiation (50), the stresses in the side 
beams are 

(J 1 = 0^(0) + z qr x f (0) (50a) 

CT 2 = a 2 (0) + z C7 a 1(0) (50b) 

where Gr(0) and (J 1 (0) are independent of 2. 

The curvature, and with that the deflection, of the 
side beams is proportional to the part of the stresses 
varying linearly with z. Therefore, the condition for 
equal deflection is, 

cri'(o) = oyHo) (84) 

or with (60) 

s x ] = s 2 * (84a) 
Equations (62) gives s' in terms of s and F 



8x« = — - 1 B 4 z 1 1 (85a) 

e i Aj. + 1 1 e i A i + 1 1 



S2 . = Eg b 2 (86b) 

a s 

e 2 A 2 + Is e 2 J A 2 + I 2 



If P 1 and P 2 are. introduced from equations (69), there 
f 0 1 1 0 v/ s 



1 r 
— i s i 



? A d 2 .1 1 e-, 



[l ♦ — - V.J - Sl S 2 - 



which simplifies to 
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8 a r 

— 11 + 



i + 



X ,a 

rl + Aft - 



2e 3 



= s 



e s L 
rl + 

.1- 



2 

X 3 a 



2e a 



e 2 



3ei. 



(86) 



From (69) follows for the relation "between 1\ 



and 



a e i e 2 



A s + I. 



1 + 



s 1 



^2 e 2 eT A x + In 



1 + 



\ 8 a 



(87) 



where the ratio [sn/sj is given "by equation (86). It 
would be possible to substitute explicitly (86) into (87), 
However, the resulting equation would be rather unwieldy, 
so it seems "best to leave the result in the present form. 



PART II - EXPERIMENTAL INVESTIGATION 
A - SYMMETRICAL BEAM 
Description of Test Specimen 



In order to confirm or disprove the stress distribu- 
tions in the corrugated cover sheet indicated "by the ex- 
pressions developed for the symmetrical box "beam in sec- 
tion C of part I, a "beam was constructed as shown in fig- 
ures 6 and 7» The side beams were 9 feet 6 inches long 
and were made from 4-inch, 24ST aluminum-alloy H-beams 
having 4-inch by 1/4-inch cover plates bolted to them on 
the sides opposite the corrugated sheet. The corrugated 
sheet was nominally l 1 /^ by 3/8 inch.24ST aluminum alloy 
8 feet 6 inches long by 35 5 /ie inches wide. A 4-inch 
width on each side of the sheet was left flat so that it 
could be attached to the side beams. The attachment was 
made by 3/3-inch diameter steel machine bolts spaced 4 
inches apart in two rows and staggered to give an effec- 
tive pitch of 2 inches. The beam was designed to be 
loaded so that the corrugated cover sheet would be on. the 
tension side of the section. 

Figures 8 to 11 show the size of the various members 
in the test beam in detail. Aluminum-alloy channels were 
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used between the webs of the H-beams at each end and at 
the center to prevent the "beams' rotating under the 
stresses due to "bending. These channels were 2 x / 2 inches 
deep* 

In addition, transverse stiffeners v/ere attached to 
the beam flanges and to the corrugated sheet at the cen- 
ter of the span and near each end of the sheet to prevent 
transverse straining of the sheet at these sections. The 
stiffeners at midspan were very rigid, being two 3-inch 
structural-steel channels. Two sizes of 24ST aluminum- 
alloy angles v/ere used for end stiffeners, one being 
heavier than would be normally employed, the other lighter, 
in order to demonstrate whether or not a variation in 
transverse stiffness would materially affect the stress 
distribution across the corrugated sheet. These stiffen- 
ed were attached to the crest of each corrugation by 
l/4-inch diameter steel machine bolts and to the flanges 
of the H-beams by 3/8-inch bolts, The heavier stiffener 
was a 3 by 2 by 7/16 inch angle having about three times 
the cross-sectional area of the lighter, which was a 2 by 
2 by 3/16 inch. Both v/ere 24 ST aluminum- alloy and both 
v/ere attached by the 2-inch leg; so their spanwise stiff- 
nesses were as nearly the same as they could be made with 
standard sections of different area. 



Methods of Applying Loads and Measuring Strains 

Figiire 7 shows the beam in the testing machine. Four 
jacks, one under each end of each of the H-beams, were 
individually actuated by ratchets and screws to apply the 
load. The transverse yoke at midspan was attached to the 
lever system and counterpoise of the balance, permitting 
the load to be read to 5 pounds. 

Spirit levels v/ere placed longitudinally near the 
center and transversely at each end of the beams to keep 
them level and equalize the deflection of each side when 
the jacks v/ere operated. As a further check on the sym- 
metry of loading, 8-inch Berry strain gages v/ere attached 
to the upper flanges of the H-beams near midspan. These 
gages are clearly shown in figure 7. 

In order to obtain data on the distribution of nor- 
mal stress across the corrugated sheet at representative 
points, three transverse sections v/ere explored with 
Huggenberger tensometers. One, as close to the midspan 
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section of tli e specimen as it was convenient to work, was 
9 1 / 2 inches from the center of the specimen, a second 
was 11 Y*a inches from the end of the "beams, or as close 
to the end of the corrugated sheet as it was convenient 
to operate the gages. The third section was approximate- 
ly midway "between these two. Because of an observed 
dissymmetry of strain a "bout, the longitudinal center line 
of the specimen - presumably an axis of symmetry - at 
this section, a fourth section at a corresponding distance 
on the other side of the transverse center line was also 
investigated* Eight Huggenberger tensometers were mounted 
at each of these sections, their position in each of the 
four sections being shown in figure 12. Figure 13 indi- 
cates the method of attaching the gages through a forked 
yoke that was, in turn, held to brass hooks by rubber 
bands. The brass hooks were attached to the corrugated 
sheet by Le Khotinsky cement of medium hardness and Scotch 
cellulose tape. 

Since some trouble was experienced in obtaining good 
adhesion of the brass hooks to the sheet, especially when 
the temperature in the laboratory exceeded 30° i 1 ', the pro- 
cedure finally adopted will be described in detail. The 
sheet and the hocks were thoroughly cleaned with carbon 
tetrachloride after which the brass hook was heated suffi- 
ciently in a Bunsen burner flame that a layer of cement 
could be melted and spread over the concave surface which 
was to be in contact with the corrugated sheet. Only a 
thin layer was used and the hook was put in place on the 
corrugated sheet before the cement was solidified. In 
order- to obtain a good bond with this cement, it is neces- 
sary that both metallic surfaces, be hot enough to assure 
melting of the cement and this temperature was manifestly 
not attained during this step of the procedure. Three 
strips of tape, the first about 3 inches long, the second 
about 21/4 and the third about inches long, were 

laid over the hook and stuck down, the longest one being 
stuck to the corrugated sheet and having sufficient ad- 
hesion to keep the hook, from moving during subsequent 
operations. These operations involved heating the corru- 
gated sheet from the under side to obtain a bond with the 
cement previously applied to the hook, the spreading of a 
further layer of cement over tape and hook, and bonding it 
to the heated corrugated sheet. With a little practice, 
skill in manipulating the cement was developed and good 
bonds. were obtained. Care had, of course, to be taken 
not to heat the aluminum-alloy sheet sufficiently at any 
point to nullify the effect of the heat treatment or to 
burn the cement. 
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During the first series of runs the rubber "bands at- 
taching the 'jokes to the hooks were heavy and exerted a 
greater force than was necessary to obtain good "bearing 
of the knife edges of the Kuggenberger tensometers against 
the sheet. Lighter "bands were subsequently used with sat- 
isfactory results and with less trouble caused by pulling 
the brass hooks from the sheet. 

Since but one transverse section could be investi- 
gated at a time because of the limited number of gages 
available, it was necessary to keep the stresses . in the 
sheet well below the yield point of the mat-erial. In 
order to insure that .the yield point would not be exceeded 
the total load on the beam was kept down to 8000 pounds. 
Simultaneous readings of the strain gages at each section 
were taken at 1000- or 2000-pound intervals during the 
loading and the unloading of the beam, and the Loads -were 
applied by actuating both jacks at either end of the beam 
in such a way as to keep the readings of the Serry strain 
gages attached to the flanges of the K-beams equal. It 
was understood at the beginning of the tests that the fac- 
tors for the Eerry gages used had recently been checked 
and were all the same, so that equal readings of the gages 
would indicate equal strains in the two beams. Subsequent 
checking of the gage factors showed them to differ by from 
0.5 to 4 percent, so that the actual load on the beams was 
not applied symmetrically when the gages indicated equal 
strains. The errors introduced in this way were, however, 
smaller than the percentage difference in gage factors, as 
the sheet tended to transmit load from one beam to the 
other and to equalize the deflection of both sides when 
they were loaded to obtain equality in gage readings. 

Table I gives the constants for the gages used, the 
variation between the constants for cal ibrat i ons before 
and after the tests were run being small. 

Deviations between Theoretical and Test Beams 

Perhaps the greatest difference between the theoret- 
ical and the test beams lay in the deviation of the cor- 
rugated sheet from the ideal. It appears to have been 
necessary, when the sheet was formed, to carry the corru- 
gations to one edge and then remove them although this 
method was not required on both sides of the sheet. This 
procedure resulted in the metal in one of the 4-inch flat 
edges used to attach the cover sheet in the side beams 
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having been worked when the sheet was corrugated and re- 
worked when it was flattened; so the sheet as finally de- 
livered had a slight but persistent buckle which could be 
straightened out in the vicinity of the transverse stif- 
feners but not between. Because of the facts that six 
months were required for the forming and delivery of this 
one sheet, that the time available for conducting the tests 
was limited, and that no guarantee could be given that a 
second sheet would be better than the first, the sheet was 
used on both symmetrical and unsymme tr ical beams, care be- 
ing exercised in fabricating the beams to have the sheet 
as flat as it could be made. It is believed that any mem- 
ber using a corrugated sheet of these dimensions would 
have at least as great a deviation from tne ideal; hence 
the redistribution of stress as a consequence of the warp- 
ing of the panel is probably typical of what might be ex- 
pected in practice. 

although this may be so, it is admittedly an undesir- 
able feature in a laboratory specimen. The buckle, being 
on the tension side, tends to flatten out under load, to 
have an effective stiffness less than that of a perfect 
sheet, and to produce fictitious readings of the tensom- 
eters since part of their indicated strain is due to ac- 
tual stress and part due to straightening of the element 
between the legs of the gages. The buckle was so small 
in this sheet, however, that the effect on the strain-gage 
readings is believed to be very small, probably negligible, 
but its effect in reducing the moduli of elasticity in 
tension and shear is wholly indeterminate. The dissymmetry 
of the stresses about the center line at section B indicates 
the effect to be present. Tables II and III show the ordi- 
nates from the base of H-beam to the crests of the corru- 
gations at the sections studied and with various loads. 
Changes of ordinate of 0.C3 inch are common; 0.08 inch 
appears to be the maximum. 

A further deviation between actual and theoretical 
beams results from the end stiffener being so located 
that the point of load application coincides neither with 
the end of the sheet nor the line of attachment of stif- 
fener to cover sheet. The use of the two transverse stif- 
feners at midspan also leaves some uncertainty as to the 
exact end of the ^effective 11 panel. Whether it be taken 
at midspan or at the point of attachment of transverse 
stiffener to cover sheet makes a difference in the value 
of 1 used in the expression for CJ f and hence has an 
effect on the magnitude of the computed stresses. If I 
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be taken as the distance "between lines of "bolts attaching 
transverse stiff eners, it is 47 inches; if between point 
of application of load to "bean and midspan, it is 52 
inches. Both values will "be used in subsequent computa- 
tions to indicate the effect of varying the assumed panel 
1 ength . 

Perhaps the greatest deviation between actual and 
theoretical beams lies in the effectiveness of the bolts 
attaching the corrugated sheet and cover plates to the 
H-beams. No preliminary tests were made to determine the 
effective EI of the H-beams before the holes were drilled, 
after the holes were drilled, or after the holes were 
drilled in both chords and the 1/4-inch cover plates were 
attached to one. Tests on other structures have demon- 
strated that 100-percent efficiencies cannot be counted 
upon in bolted or riveted connections; hence stresses in 
cover plates and corrugated sheet v/ill not be as great as 
though they were made integral with the E-beams. It will 
be shown in the section on the unsymmetrical beam that 
this effect is considerable, the increase in moment of 
inertia as a consequence of adding the 1/4-inch cover 
plates to the H-beams having been found to be about 70 
percent of the value computed on the basis of an integral 
section of the same dimensions. If the same effectiveness 
of the bolted connection between H-beams and cover sheet 
were obtained, the discrepancy between experimentally 
determined stresses near the edges of the cover sheet and 
the computed stresses would, to a great extent, be ex- 
plained. 

Precision of Results 

In the determination of the strains at any section, 
the Huggenberger tensometers were read to two figures and 
plots of gage reading against load were made. Straight 
lines were faired through the plotted points and, since 
they did not pass through the origin in every case, paral- 
lels which did so were drawn • The gage reading corre- 
sponding to a given load on the beam was then read from 
these lines and recorded to three figures. Since they 
represent faired average curves, any given strain is prob- 
ably good to the second figure, but the third is doubtful. 
There are at least two, and in most cases four or five, 
sets of strain-gage data for each section, each set having 
been obtained during a separate load application. Where 
four or more sets of data are available, the average strain 
is believed dependable to two decimal places, with the 



Technical lTote': T o. 791 35 



third doubtful. At most sections the maximum deviation 
of any reading from the mean is about 2 percent, though 
it is Considerably greater at some of the lightly stressed 
sections. 

Because it required 6 months to- procure' the corru- 
gated cover sheet from the manufacturer, it has "been neces- 
sary to retain the Sheet in an undamaged form for use on 
the uns ymm e t r i c al "beam and it has not "been possible to 
obtain Young ! s modulus for the sheet. In the computation 
of the stresses from the strain-gage data the standard 
value of 10,300,000 pounds per square inch has been used. 
This value is probably within 2 percent of the actual for 
the sheet. 

Owing to a difference in calibration factors for the 
gages, some of the stress data are based on the values ob- 
tained prior to completion of the tests and some on the 
later values. In most cases no error is involved , but in 
some gages there was a difference of 2.5 percent in the 
factors. If all of these errors were cumulative, an error 
of about 6 percent would occur in the computed stress, but, 
since some will be positive while others are negative, the 
probable error to be expected in the stresses obtained 
from the strain data is ah out 3*5 percent. 

It is more difficult to estimate the probable dis- 
crepancy in the stresses computed from the theory. The 
gage points were located within ^0.05 inch of the cross 
section, and the point of •.application of the load was knpv/n 
within about 0.1 inch; so the arms of the loads were known 
within 0,15 inch and 11.5 inches, at the outer section, or 
0.15 inch in ahout 43 inches at the inner. The error due 
to uncertainty in moment arm v-ould thus be from 0.55 to 
1.3 percent, depending on the section under consideration. 
The load itself could be measured to the nearest 5 pounds, 
involving an error of 0.05 percent in the 8000-pound load 
used as a oasis of the analysis. So it may be stated that 
the moment at any section is known within about 1.4 per- 
cent. 

Because of variations in actual dimensions from the 
nominal values for the sections and because of the fact 
that the "beam was fabricated with bolted connections, it 
is practically impossible to. establish percentage varia- 
tions in effective I at different sections or to compute 
the e x a. c t location of the neutral axis of the beam at 
various points, along the span. Since these effects can- 
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not "be exactly evaluated by computation, no effort has 
"been made to do so, and the computed stress data used in 
comparing theory and empirical results are, for the sym- 
metrical "beam, "based upon theoretical I 0 and e 0 val- 
ues, the only varying dimension or unit considered "being 
the length of panel. 



Computation of Stresses 

From equation (24) of part I, the stress parallel to 
the x-axis at any point y inches from the center of the 
corrugated sheet is 

Pe 0 (l - *2 

cosh Ky 



a 



l + 



w t e , 



lo 



1 + 



anh Kw c 03 * 1 Kv; 



2 » 

■o ^o 



Kw 



F load applied to "beam at each loading point 

For 8000-pound total load, ? = 2000 pounds 

1 panel length "bet-ween stiff eners 

T-wo values will "be used, namely,- 1 = 47 and 
52.5 inches 

x distance from midspan of beam and section under 
cons ide ra t i on 

( 1 - x) distance "between load point and section under 

consideration, equals 43.0 inches for sectionlA, 
27.5 inches for sections B and E, 11.5 inches 
for section C 

e 0 distance from centroia of H-beam and cover plate 

to centroid of flat portion of corrugated she it = 
2.355 inches 



moment of inertia of H-beam and cover plate = 
15.51 inches 

one-half developed width of corrugated sheet 

between edges of H-beam flanges = 16.53 inches 

one-half projected width of corrugated sheet = 
13y55 inches 

thickness of corrugated sheet = 0.0508 inch 
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A 0 area of H-beani and cover plates = 5.203 inch 

E modulus of elasticity of corrugated sheet, taken 
as 10,300,000 pounds per square inch 

S modulus of rigidity of corrugated sheet, taken 
as 3,800,000 pounds per square inch 



1 /3£ 

1 J Gr 



Figure 14 shows the pertinent dimensions for the "beam 
and cover plates for which the properties are computed "be- 
low. 

Determination of Neutral Axis 

4.00 X 0.05C8 = 0.2032 X 0.0254 = 0.0052 

K-heam = 4.0000 x 2.0508 = 3.2032 

4.00 x 0.25 = 1.0000 x 4.175S = 4. 1758 

A 0 = 5.2032 A 0 e 0 1 = 12. 3842 

e o i = 3 84 2 = 2# 33oi inches from extreme fiber to neu- 
5.2032 tral axis 

e 0 = 2.3801 - 0.0254 = 2.3547 inches from centroid of 

flat part of corrugated sheet to neu- 
tral axis 

Determination of I 0 

0.2032 x 2. 3 54 7 2 = 1.12666 
4.0000 x 0.3293 2 = 0.43375 
1.0000 x 1.7957 2 s 3. 22454 

• Ad 2 = 4.73495 



I c .g. of 1/4-inch plate = 0.00521 
I„ of H-heam = 10.72 

• o 



4 

I n = 15 . 5102 inch 



K = — • /23L m / 3 X 10 - 3 X 10 = 0.06068 

I V G 47.0 V 3. 8 x 10 



1 / 3 x 10 . 3 x 10 _ 

or -r— — — / = 0.05433 

52.0 v 3.8 X 10 



kw = 0.06068 x 16.53 = 1.0030; or 0.05432 x 16.53 = 0.89791 
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Observed Stresses 

Tables V to VII summarize the strain data, obtained. 
The complete strain data presented in graphical and tabu- 
lar form may be obtained on loan from the NACA. The val- 
ues tabulated here represent the strains at each gage 
station in each section for each test run on the specimen 
with the heavy end stiffener, and with the light, averaged 
and converted to stresses on the assumption that the modu- 
lus of elasticity of the corrugated sheet v/as 10,300,000 
pqunds per square inch. Inasmuch as the Huggenberger 
tensometers were moved from station to station between 
runs, the likelihood of instrumental errors being serious 
at any given point is reduced. In most cases the readings 
are consistent and satisfactory from the standpoint of 
precision of measurements, though they yield strains, and 
therefore stress distributions, which are somewhat erratic 
when viewed in the light of the theoretical curves shown 
in figure 15. Points for both the heavy and the light 
end-stiff e.ier specimens have been plotted in that figure 
for comparison with the theoretical distribution. 

It is obvious from the observed stress data that 
there is no consistent difference between the values for 
the specimen with the light end stiffener and that with 
the heavy. Such differences as occur are small in compari- 
son with the magnitudes of the stresses involved and the 
results appear to confirm the conclusion, established in 
the development of the theory, that for specimens of normal 
dimensions the rigidity of the transverse st if feners had 
little effect on the distribution of longitudinal stresses 
in the cover sheet. 

Substitution of the foregoing values for the terms 
in the exx^ression for - x , with values of y taken at 
4, 8, 12, and 16.53 inches, gives the values recorded in 
table IV for the computed stresses at these points in sec- 
tions A, 3, and C for beams having either light cr heavy 
end stiffeners. 

It is obvious that the stresses observed at the sec- 
tions surveyed ere all less than the computed values ex- 
cept in the vicinity of the H-beams at section C. Observed 
stress curves have been faired through the points in figure 
15 and a computation of the ratio of the stress at y- 
distances 0, 4, S, 12, and 16.53 inches from the center of 
the sheet to the stress at the center of the sheet is made 
in table VIII for sections *i , 5, and E. It is interesting 
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to note that these ratios are in close agreement with the 
values of cosh for the c orrespon-ding points used in 

the computation of the theoretical stresses; hence it ap- 
pears that the theoretical expression is a close approxi- 
mation to the shape of the normal stress curve at the 
more highly stressed sections of the cover sheet. The 
agreem-ent is not good at section C. 

The fact that the observed stresses are consistently 
below the computed at sections ^ and 3 appears to in- 
dicate that ineffective connections between cover sheet 
and E-beams result in louer normal stresses at the edge 
of the cover sheet; hence lower stresses all the way 
across the sheet, than would be expected from the theory. 
The observed edge stresses at both sections A and B 
are between 78 and 80 percent of the computed values while 
at the center of the sheet the ratios are 81.5 percent at 
section A, 87.5 yjercent at B on the basis of the 
curves computed for 1 = 47.0 inches. 

It is known that connections seldom permit the devel- 
opment of the full theoretical stresses in built-up struc- 
tures whose parts are joined "by bolts or rivets. The fact 
that the observed stresses at the edge of the sheet at 
section C are greater than the computed involves no in- 
consistency in this regard since section C is so close 
to the free edge of the cover sheet that it is doubtful 
whether the cover sheet contributes its expected part to 
the strength of the section. The normal stresses observed 
near the center at section 0 are so far below the theo- 
retical that the cover sheet appears to be shirking its 
part in carrying the load at that section; the H-beam would 
therefore carry appreciably higher stresses than would be 
necessary were the sheet fully effective. 

Consideration of the fact that all stresses in figure 
15 are plotted from the same base line shows that the :, lag ff 
at section C is appreciably greater than at A or 3. 
'.iere the central portion of the sheet at section C more 
effective, the probability is that the observed stress 
curve would be flatter and that -the observed stresses at 
gages 1 and 8 would drop belov;' the values computed from 
the theory^ This statement cannot be proved on the basis 
of the data in' hand, but it does appear possible to state 
without fear of contradiction that the normal stresses de- 
veloped in a wide, thin sheet near its free edge are, for 
a beam of this type, considerably less than any present 
theory would indicate and that, because of this fact, the 
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stresses in the side beams or shear webs would be increased 
beyond their expected values. This result leads a designer 
to the cor.chj.sion that nor a 1 stresses in the flanges of 
side beams may be appreciably greater than indicated by 
theory in regions of discontinuities in the cover sheets. 
It is regretted that strain gages were not mounted on the 
flanges of the side beams of this symmetrical specimen to 
indicate whether the stresses in beam flange and adjacent 
area of cover sheet were identical. Had this information 
been obtained, a more conclusive statement could have been 
made as to the efficiency of the bolted connection and as 
to the magnitude of the overs tres s ing of the H-b earns , if 
any, resulting from the unders tres s ing of the cover sheet. 
Although it is difficult to obtain data of this sort, be- 
cause of the difficulty arising in the attachment of the 
strain gage to the beam flange, efforts should be made to 
procure the necessary strain data whenever tests are made 
on beams involving elements susceptible to shear-lag ef- 

. 6 C t t . 



B - THE UU S YMM3 TB I CLAJi BEAM 
Description of Test Specimen 



The test beam for the unsymme t r ical case was as nearly 
analogous to that for the symmetrical as possible. An 8- 
inch, 6.53-pound I-beam was substituted for one of the 4- 
inch, 4.85-pound E-sections. The beam was built so that 
the plane of the tension chords of the side beams and of 
the corrugated sheet would be horizontal in the testing 
machine. This construction resulted in the mid-depth 
points of the side beams being at different elevations and 
the neutral axis of the section not being horizontal. Be- 
cause both side beams were made to deflect the same amount 
under load, the stresses developed in the sheet at the two 
side beams were unequal; so an unsymmet r ical snear-lag pat- 
tern was developed in the corrugated cover sheet. Of the 
possible alternatives for the unsymme tr ical structure it 
was decided that this arrangement would best serve as a 
test of the tneory and that it would also involve the least 
likelihood of errors in the empirical data, since it per- 
mitted a less complicated loading system than some of the 
other arrangements. 

Figure 15 shows the system of applying the loads to 
the unsymrae tr ical beam, and it also shows clearly the 
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arrangement of side "beams and corrugated cover sheet. 
Because of the difference in depth of the side "beams the 
transverse end channels did not run between web centers 
of the beams, as was the case with the symmetrical beam. 
The transverse angle stiffeners at the ends of the corru- 
gated sheet were attached as in the case of the symmetri- 
cal section, however, and no differences in stress dis- 
tribution which might have been attributed to a difference 
in end-stiff er:.er arrangement were noted. Only the light 
end stiffeners, the 2 by 2 by 3/15-inch angles, were used 
on the unsymme t r ical specimen tested. 

The methods of attaching stiffeners, sheet, and side 
beams were the same as on the symmetrical specimen, and 
all except the 8-inch I-beam were the same size in both 
cas e s • 

The load points were located at the ends of the cor- 
rugated sheet, 3 feet 6 inches "between centers, and the 
reactions were applied through a frame hearing on load 
points on the beams at their in ids pan points. By a care- 
ful location of the link attaching this frame to the 
weighing device, the load was transmitted to the structure 
so that equal deflections of the side beams were obtained 
throughout the tests (table IX). 



Method of Applying Load and Measuring Strains 

Figure 16 shows the beam in the testing machine and 
indicates the system of applying loads through four jacks. 
The lower part of the transverse yoke which provided the 
reaction is shown in that figure, too, while part of the 
upper portion appears at the top of figure 17. The link 
between this transverse yoke and the load-weighing mecha- 
nism was adjusted horizontally until the deflections of 
the mid-depth lines of the side beam webs were the same 
for any load, within the accuracy obtainable by having a 
fine wire pass over a steel scale calibrated to 1/100 inch. 
As a further check on the equality of side-beam deflection 
under load, spirit levels were used at each end of the 
specimen. Because the whole structure moved vertically 
under load, it was impossible, without erecting a scaf- 
folding which would have interfered with the test itself, 
to obtain a more accurate procedure for insuring equality 
of deflection of the side beams. Since the level bubbles 
remained centered when the observed deflections were equal, 
throughout the loading of the specimen, it is believed that 
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the load was divided between the side "beams in proportion 
to their moments of inertia, as was desired. 

In order to obtain data as to the distribution of 
the normal stress across the sheet, a number of fine-wire 
strain gages of the Huge - de Forest type were employed at 
each of three sections, with Huggenberger tensometers 
added at the two more highly stressed sections to provide 
checks on the wire gages. figures 17 and 18 show the wire 
gages cemented to the sheet. The hooks for the Huggenberger 
tensometers are also shown although the instruments were 
not in place when the photographs v/ere taken. The general 
scheme for attaching the Huggenberger tensometers was the 
sar::e as in the case of the symmetrical beam except that 
Duco cement was used in place of De Khotinsky. It was 
equally successful, 

The fine-wire gages were an adaptation of the Kuge- 
de ITorest gage (reference 11) in which an extra-thin, high- 
rag-content paper was substituted for the heavier plastic 
material used in the commercially obtainable gages. Each 
gage i of which about 120 were made, was composed of ap- 
proximately 6 inches of 0.001-inch copper-nickel alloy 
wire manufactured by the Driver-Harris Company under the 
trade-mark name "Advance. fl The wire was formed in a W 
shape, cemented between two sheets of thin paper, and 
soldered to no. 23 silk-covered, tinned magnet-wire leads 
on the tools shown in figure 19. 

The tools were developed by Kr. T tf. T. Shuler in order 
to make possible the production of gages of uniform resist- 
ance and practically identical electrical constants when 
reasonable care was e.xercised in their manufacture. Bach 
gage was- examined visually to determine whether any wires 
were slack or crossed, and a measurement of its unstrained 
resistance served as a final check on its accuracy and 
consistency with the others in the series. About 6 gages 
an hour were produced by one man v/ith this equipment, and 
those whose resistance varied by more than ±1*2 ohms from 
the standard, for .this set, 146 ohms, v/ere rejected. The 
completed gages, without their lead wires, were about l 1 / 2 
inches long by 3/6 inch wide, and so flexible that they 
could be attached to flat or curved structural sections 
without difficulty. 

Figure 20 presents theoretical curves of resistance 
reading against strain based on the electrical constants 
of the wheats tone bridge system and data obtained from a 
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very few gages of the quantity made-. Several actual cali- 
bration points are plotted on the same chart; they were 
obtained from a further series of gages picked at random 
from the quantity made and attached to a cantilever beam 
which, when subjected to known loads, deflected and pro- 
>duced calculable strains. It is seen that the data ob- 
tained from the random choice of several gages used for 
calibration are uniform and in close accord with the curve 
obtained from coefficients, derived from tests on a limited 
number of gages; hence one feels that the coefficients' for 
the gages used are constant and that the curve may safely 
be employed for determining strains fro^_ resistance read- 
ings/ Figure 21 facilitates the use of these curves, the 
strains in inches per inch being plotted in nomographic 
form against the readings obtained from the decade box used 
in the Wheatstone bridge circuit. 

About 120 gages were made and found acceptable, and 
95 were attached to the test specimen, as shown in figure 
17. The procedure used in mounting tnese gages was to 
clean the surface to which the gage was to be attached by- 
rubbing it with a rag saturated with a half-and-half 
acetone-Zuco solution. This, was found to clean the surface 
effectively and to give it a priming coat. Both surface 
and gage were then given heavy coats of acetone-Duco solu- 
tion and the gage was pressed firmly onto the surface of 
the specimen. After a short setting interval, the entire 
gage was given a coating of straight Duco cement and just 
before the cement had completely hardened, the whole mass 
was pressed firmly to insure a complete bonding to the sur- 
face. A period of 24 hours was then allowed for the cement 
to harden^, after which the gage and its cement were covered 
with melted "Cerosene" wax to protect them against sudden 
temperature changes and to retard moisture permeating the 
cement or paper. The gages were attaqhed on sunny days, 
when humidity was low, in order to reduce any electrical 
leakage through moisture in the cement. 

Gages were attached to a piece of the 4-inch H-beam 
and inserted into the electrical circuit so that they would 
compensate for changes in temperature of the whole speci- 
men, and a cloth was- used over the end of the beam to which 
the gages were attached in order to reduce local tempera- 
ture effects, which would throw errors into the strain read- 
ings. ' '• - , • ? $ *\,.V . • \;' ; - • 
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Precision of Results 

In the determination of ,L he strains at the sections 
to which the wire gages were attached, the precision varies 
from about 1/4 percent at the highly stressed points to 
approximately 10 percent at the lowest "because the accuracy 
with which any strain could he measured v/as to the nearest 
half unit on the decade box. In the range of stresses cov- 
ered, a half unit represents an actual strain of 0.C0000143 
inch per inch and the range of strains measured under an 
8000-pound change in load on the specimen varies from 
0.000015 inch to 0.00068 inch per inch. 

A further error v/as introduced "by some of the gages 
as they did not return to their initial zero readings when 
the load was removed. The number of such gages was, how- 
ever, small and the worst offenders v/ere at the section 
carrying very small stresses; so the phenomenon does not 
appear to he due to "creep" in the gage or its attachment. 
Most of the more highly stressed gages had final zero 
readings within ±1 unit on the decade box from the inital 
values, whereas those at the ligntly stressed section 
varied from 1 to 9 units - with several at 2 or 3 units - 
from their original readings. The data at the lightly 
stressed section mean so little, however, tha,t it is felt 
that these errors may be disregarded and that the pre- 
cision of the strain-measuring devices may be taken at 
from 1/2 to 1 percent on the two highly stressed sections, 
the error resulting from the limitation in reading the 
decade box being doubled to allow for possible variation 
in the "constant" for any gage. 

The precision of the strains measured with the 
Huggenberger tensometers is the same as for the case of 
the symmetrical beam, about 2 percent. 

In the computation of the stresses, a value of S of 
10,100,000 pounds per square inch has been used as an aver- 
age based on the observed 31 values for the two side 
beams. It was taken as 10,300,000 pounds per square inch 
for the symmetrical beam. In neither case has the actual 
E of the material in the corrugated sheet been determined, 
since further testing was c oni; emplat ed and it has not 
seemed advisable to destroy the sheet. The values used 
are, however, probably within 2 percent of the actual for 
beams and sheet. 

As in the case of the symmetrical specimen, the error 
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In computed stress due to inaccuracy in gage location or 
load measurement varies from about 0.4 percent at section 
A to about 1.4 percent at section C. As has "been mentioned 
previously, a value of S based on the behavior of the 
side beams alone has been used. Standard values of E and 
G for 24ST alloy have been used for the sheet itself. 

In the comparison of the observed and the computed 
stress data, however, the errors resulting from the fore- 
going causes are obscured by those produced by local dis- 
tortion or buckling of the corrugated cover sheet. The 
observed stresses at points where buckling was apparent 
show a greater deviation from the computed values, or from 
observed values at adjacent points, than can b-e attributed 
to instrumental errors or to lack of precision of the com- 
putations or data. It is therefore believed inadvisable 
to attempt any estimation of the precision of the results 
as a whole. 



Computation of Stresses 

From equations (70) to (73) f (86), and (87) of part I, 
the stress parallel to the x-axis at any point y inches 
from the center of the corrugated sheet may be determined 
for given values of the pertinent variables. The solution 
of the equations is more tedious than in the symmetrical 
case, though not difficult. 

Because of the 20-percent discrepancy between computed 
and observed stresses on the symmetrical beam and because 
of the fact that this discrepancy was attributed to the low 
efficiency of joint between cover sheet and side beams, 
some of the quantities employed in the computation of st 
stresses on the unsymme tr icai beam are based on data 
tained from preliminary tests of the side beams, with and 
without cover plates. They are thus somewhere between 
purely theoretical values dependent upon the geometrical 
properties of the sections employed and purely empirical 
values back-figured from tests on the completed test speci- 
men. The procedure will therefore be described in consid- 
erable detail. 

Transverse bending tests were made on both the 4-inch 
H-beams and the 8- i nch ' I-b e am s be f or e any holes were 
drilled in the flanges, after the holes were drilled, and 
after the 1/4-inch by 4-inch cover plates were added in 
order to determine the values of EI of the section. The 
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teams were supported near the ends and loaded at the cen- 
ter; deflections at the center were measured on dial gages 
and the equivalent EI values determined from the deflec- 
tions, a correction "being made for the deflection due to 
shear. For the 4-inch H-beam, the EI without cover plate 
is 112,000,000 pound-inches 2 , while it increases to "but 
142,000,000 pound-inches 2 with the 4-inch "by 1/4-inch cover 
plate added. The I xx of the section used was computed 

from its actual dimensions to "be 10.72 inches 4 ; hence the 
effective E was 10,450,000 pounds per square inch. The 
area of the actual section w; s 4.10 square inches. 

Dividing the EI of the "beam with cover plate "by 
10,450,000 yields 13,5 inches 4 for the I of the combina- 
tion. The area of the cover plate bein^ 1/4 X 4 = 1.0 
square inch, the moment of inertia about the centroid of 
the combination would be 

I = I 0 + A 0 e 2 + T)A C (2.125 - e) 2 
when I 0 = 10.72 inches 4 



A Q a 4.10 square inches 

e = distance between centroid of H-beam and that 
of the combination 

r\ = efficiency factor for cover plate 

A c = cover-plate area = 1.0 square inch 

Then 13.6 = 10.72 + 4.10 e 2 + tjA c (2.125 - e) 2 

By trying various values of ri , the value of e may be 

uniquely determined; and when r\ - 0.74, e = 0.325 inch. 

The distance between centroid of beam and cover plate, and 

the extreme fiber of the beam is then e 0 = 2.325 inches. 

With this value established, it is possible to deter- 
mine the I of beam and cove: plate, and of the 4-inch 
strip of corrugated sheet which is attached to the flange 
of the E-beam. 

A T = 4 x 0.0508 + 4.10 + 0.74 x 1.00 = 5.043 square inches 

e c + (0.0 508/2) (A 0 + A c ) '2.3504) (4.84) 
e i - • — ' = = 2.255 inches 



a t 5.043 



whence 



NACA Technical Note No, 791 



I 1 = 136 + (4.84) (0.0954) 2 + ( 0 . 2032 ) ( 2 . 255 ) 2 = 14.679 inches 

The above values of e 1 and I x are used in the stress 
de t ermine?. t ion . 

For the 8-inch I-beam the E 1 of the plain beam was 
557,000,000 pound-inches 2 , and the I determined from 

the section used was 57.12 inches 4 , giving an effective B 
of 9,750,000 pounds per square 1 inch. With the co^er plate 
added, the EI became 666,000,000 pound-inches 2 , indicat- 
ing an effective I of 68.31 inches". The cross-sectional 
area of the beam having been determined to be 5.45 square 
inches, the value of e was found to be 0.5 inch, and T| = 
0.75. The value of e 0 was thus 4.5 inches, Aj =^6.4032 
and e 3 became 4.38 inches with I a = 72.35 inches • 

It is interesting to note that the efficiency of the 
cover plate is, in both cases, about 75 percent, indicating 
that the bolted connections used did not permit the plate 
to develop the stresses Which the ordinary beam theory 
would indicate, owing possibly to slip in the ■ connection 
or to a no nun if ormi ty of stress distribution in the cover 
fllate. It is believed that this phenomenon explains, at 
Least in part, the discrepancy between computed and observed 
stresses in the case of the symmetrical beam. 

In the following pages, stresses are computed for vari- 
ous points in test sections A., 3, and 0, sd that curves 
may be drawn for comparison with the observed stresses ob- 
tained from the strain gages. Two cases are considered: 
one in which the width w is taken as the developed width 
between the center of the corrugated sheet and the near 
edge of the beam flange, 16.53 inches; the other in which 
w is taken to the centers of the beams, 18.53 inches. In 
both cases the length of the section is taken as 47 inches, 
the distance between the center lines of the bolts con- 
necting the transverse stiffeners to the corrugated sheet. 

The pertinent quantities for use in the stress equa- 
tions for' case I are given in table X. 

In the second case, the width of the cover sheet is 
taken to the center of the side beams; eo the portion con- 
sidered ac ting ' with 'the side beam and its cover plate is 
but 2 instead of 4 inches wide. This change modified the 
A, I, and e values slightly as shown -in table XII, 
which summarizes the pertinent values for use in the stress 
formulas. 
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Observed Stresses 

Table XI7 summarizes the stress data for an applied 
load of 8000 pounds on the test specimen* Because of the 
"buckles :n the corrugated sneet, the strains for the 
M 80CC-pound load" are actually obtained by differences 
between those for leads of 6000 and 14,000 pounds, it 
having teen found that the buckles were considerably re- 
duced ui'.der the 6000-pound load so that reasonable agree- 
ment between computed and observed stresses could be ex- 
pected. In the computation of stresses from the measured 
strains, E was taken as 10,100,000 pounds per square 
inch, the mean betv/een the effective E values found for 
the two side beams. Since the beaiLS had two different 
moduli, and since the corrugated sheet proo-.bly had a 
third, some average or weighted value was mandatory and 
the above was adopted as reasonable. 

The Huggenberger tensoneters and most of the fine- 
v/ire gages were located on the crests of the corrugations, 
that is, on the side nearest the neutral axis of the 
specimen. Some of the fine-wire gages were located in 
the troughs of the corrugations, as is shown in figure 22 
which gives the locus of the gages at each section. 

The stresses tabulated above for an 8000-pound in- 
crement in load are plotted in figure 23 and a broken line 
is drawn through the points representing the gages in the 
wave troughs. It is to be noted that the stress curves 
computed from equations (70) to (72), (86), and (87), in 
sections A and B lie for the most part between the 
stresses indicated by the gages in the trough and those 
on the crest of the waves. This result should be expected 
because the theoretical data presuppose a flat sheet lying 
in the plane of the nodes of the corrugations but having 
properties equal to those of the corrugated sheet. It was 
thought that with the load carried, by the cover sheet be- 
ing introduced as shear at the edge of the sheet, the nor- 
mal stresses at crest and trough would be the same, a fact 
which was neither proved nor disproved on the symmetrical 
beam because too few gages were employed to give conclu- 
sive data. 

On the unsymme tr ical specimen, sufficient gages were 
employed to show that the normal stresses varied betv/een 
crest and trough, probably because the corrugated sheet 
assumed essentially the same elastic curve as the side 
beams so that bending stresses were developed in the sheet. 
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Gages were not used on "Doth sides of the corrugated sheet 
at any station; so it is impossible to evaluate the nor- 
mal stress at the midplane of the sheet. The sheet was 
so thin that the difference between the surface stress 
and the midplane stress is believed to be small* 

Conclusions and Suggestions for Further Research 

On the basis of the data shown in figures 23(a) and 
23(b) for sections A and B , it may be concluded that 
the theory developed in part I of this report is in very 
close accord with the stress distribution occurring in 
this corrugated sheet, the agreement being better than 
that for the symmetrical beam. It must be remembered, 
however, that a modified 21 was used for the side beams 
in the unsymme t r ic al specimen and, since the modification 
was made in the direction which the symmetrical specimen 
indicated to be necessary, a better agreement was to be 
expected. Regardless of this fact, the agreement between 
theoretical and observed stresses on these specimens is 
such as to substantiate the assumptions and indicate that 
the methods developed in part I are satisfactory for pre- 
dicting the effects of shear lag on the distribution of 
normal stresses in corrugated sheets used e~s chord members 
of box beams. It is, of course, impossible to state 
categorically that the agreement attained on these speci- 
mens can be expected in all cases, whether the cover sheet 
be in tension or compression and whether the range in 
stiffnesses of the side beams be small or large. Further 
studies on a number of specimens would be necessary before 
such a conclusion could be established, but the evidence 
obtained on these beams indicates that the theoretical de- 
velopment is sound. 

It is therefore suggested ihat the research be ex- 
tended to cover the following points: 

1. Further tests on the same specimens with addi- 

tional transverse stiffeners. 

2. Further tests on a similar specimen with greater 

variation in stiffnesses of side beams, with 
the same and with additional transverse stif- 
f ener s . 

3. Tests on a symmetrical specimen having corrugated 

chords top and bottom, simulating an actual 
airplane wing spar. (Such a procedure was 
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imprac t icable until the development of the 
fine-wire strain gage due to cost of equip- 
ment and inaccessibility of gages when in- 
stalled in the "beam.) 

4. Tests on unsymme tr ical specimens having corru- 

gated chords top and bottom. 

5. Tests on an actual ai plane wing panel with due 

regard for stresses in ribs and other stif- 
fening members. 

6. Extension of the procedure to stiffened flat- 

sheet panels, and a similar series of tests 
to exploit its applicability. 

G-uggenheim Aeronautics Laboratory, 

Massachusetts Institute of Technology, 
Cambridge, Mass., June 4, 1940. 
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Table 1,3,3,4 



Table I - Check of Gage Factors 1 



Instrument 
number 


Previous calib- 
ration factor 


Final calib- 
ration factor 




Huggenberger tensomet* 


3rs 



355 
357 
358 
359 
361 
362 
861 
862 
1090 
1092 



1038 
1047 
1030 
1043 
1062 
1064 
1271 
1196 
983 
1043 



1038 
1035 
1010 
1020 
1062 
1064 
1271 
1192 
983 
1043 



8- 


inch Berry gages and 


Hals 


86- 33 

87- 24 
85-15 

88- 29 


2.0 ♦ 80000 
2.0 -f 80000 
2.0 + 80000 
2.0 i 80000 


2.010 i 80000 
2.050 i 80000 
2.000 t 80000 
2.080 i 80000 



for nu gge nuerger tenswnwboro, ono e> a e>'= p x u o^-m© ~~ 
divided by the gage factor to give the strain in inches per 
inch. For the Berry and dial gages, the gage reading must 
be multiplied by the gage factor to give the strain in inches 
per inch. 
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Table II - Variation of Distance with Load at Center for 
Heavy End Stiff ener (from crest of corrugation to base 
of H-be am ) 



Table III - Variation of Distance with Load at Center for 
Light End Stiff ener (from crest of corrugation to base 
of H-be am) 



\station 


1 


2 


3 


4 I 


5 


6 


7 


8 


Load X 








1 










at \ 








Distance (in. J 






center (lb|V 




















Section A 






0 


3.87 


3.92 


3.95 


3.95 


3.95 


3.94 


3.91 


4.05 


4100 


3.88 


3.92 


3.95 


3.96 


3.95 


3.94 


3.92 


4.06 


6100 


3.88 


3.92 


3.94 


3.96 


3.95 


3.94 


3.92 


4.06 




Section B 




0 


3.91 


3.77 


3.89 


3.94 


3.87 


3.89 


3.77 


4.05 


4100 


3.91 


3.79 


3.90 


3.94 


3.92 


3.86 


3.81 


4.05 


6100 


3.91 


3.79 


3.90 


3.94 


3.92 


3.86 


3.81 


4.06 


Section C 


0 


3.97 


3.81 


3.91 


3.92 


3.89 


3.87 


3.87 


4.03 


4100 


3.96 


3.83 


3.92 


3.94 


3.93 


3.91 


3.87 


4.02 


6100 


3.96 


3.83 


3.92 


3.94 


3.93 


3.91 


3.87 


4.02 


Section D 


0 


3.86 


3.77 


3.82 


3.88 


1 3.91 


3.94 


4.00 


4.06 1 


4100 


3.85 


3.78 


3.84 


3.90 


3.91 


3.93 


3.98 


4.06 


6100 


3.85 


3.78 


3.84 


3.90 


3.90 


3.92 


3.98 


4.06 
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Table V - Average Stresses at Section A (based on E = 10,300,000 
pounds per square inch ) 



Heavy End Stlffener 



Gage Station 


1 


2 


3 


4 


5 


6 


7 


8 


Developed dlst. 
;from center line 
of sheet, In. 


16.14 


11.53 


6.93 


2.31 


2.31 


6.92 


11.53 


16.14 


Test Run A-l 
A- 2 
A- 3 
A- 4 
A- 5 


0.688 
.668 
.676 
.680 
.714 


.613 
.623 
.628 


0.541 
.541 
.560 
.555 
.541 


0.461 
.466 
.488 
.479 
.451 


.488 
.524 
.529 
.494 


.569 
.603 
.594 
.560 


.602 
.607 
.602 
.584 


0.803 
.801 
.801 
.776 
.767 


Sum 

Average 
iStraln x 10 3 In. 

Stress, lb/sq in. 


3.426 

0.6852 

7050 


1.864 

0.6213 
6400 


2.738 

0.5476 
5640 


2.345 

0.4690 
4830 


2.035 

0 . 5082 
5240 


2.325 

0.5812 
5990 


2.393 

0.5982 
6160 


3.948 

0.7896 
8130 




Light End Stlffener 




Gage Station 


1 


2 


3 


4 


5 


6 


7 


8 


Test Run A-18 
A-19 


0.709 
.687 


0.661 
.635 


0.549 
.534 


0.466 
.423 


0.493 
.502 


0.551 
.546 


0.594 
.584 


0 . 787 
.760 


Sura 

Average 
Strain x 10 3 in. 

Stress, lb/sq in. 


1.396 

0.698 
7190 


1.296 

0.648 
6630 


1.083 

0.542 

5570 


0.889 

0.445 
4580 


0.995 

0.498 
5130 


1.097 

0.549 
5850 j 


1.178 

0.589 
6060 


1.547 

0.774 
7960 



Table VI - Average Stresses at Sections B end E (based on E = 10,300,000 
pounds per square inch.' 



Heavy End Stlffener 



Gage Station 


1 


2 


3 


4 


5 


6 


7 


8 


Test Run A- 6 




0.387 






0.338 


0.294 


0.306 




A- 7 


.440 


.408 






.372 




.376 




A- 8 


.432 


.392 


.386 


.354 


.348 


.324 


.376 


.528 


A-9 


.428 


.392 


.351 


.387 


.333 






.528 


A- 10 


.444 


.396 


.406 


.392 


.344 


.324 


.339 


.490 


A-ll 


.444 


.371 


.388 


.382 


.334 


.321 


.348 


_ 


A-12 




.376 


.397 


.382 


.319 


.351 


.315 


.436 


A-13 


.440 


.401 


.390 


.375 


.361 


.363 


.373 


.487 


Sum 

Average 
Strain x 10 3 in. 

Stress, lb/sq in. 


2.628 

0.4380 
4560 


3.123 

0.3903 
4025 


2.318 

0.3863 
3980 


2.272 

0.3787 
3900 


2.749 

0.3436 
3540 


1.977 

0.3295 
3390 


2.433 

0.3476 
3580 


2.469 

0.4938 
5090 



Light End Stlffener 



Section B 


Gage Station 


1 


2 


3 


4 


5 


6 


7 


8 


Test Run A- 20 


0.498 


0.427 


0.422 


0.395 


0.338 


0.333 


0.326 


0.496 


A- 21 


.470 


.407 


.397 


.381 


.347 


.338 


.393 


.480 




Section E 








Test Run A- 25 


0.461 


0.382 


0.353 


0.329 


0,307 


0.394 




0.432 


A-26 


.433 


.361 


.371 


.353 


.377 


.400 


.421 


.482 


A-27 


.445 


.411 


.381 


.356 


.361 


.402 


.422 


.451 


Average 


















Stress Sect. B 


















lb/sq in. 


4980 


4310 


4220 


4000 


3525 


3455 


3545 


5030 


Average 
















Stress Sect. E 


4580 


3960 


3790 


3560 


3590 


4100 


4340 


4680 


Average 
















Stress Sects. 


















B and E 


4780 


4135 


4005 


3780 


3560 | 


3780 


3945 


4855 



Table XI - Computed Stresses 
Case I 



Stresses 



Sect A 



Sect B 



SectC 



16.53 



15.00 



12.00 



1.0017 



.9090 



cosh Ky 



1.545 



1.442 



1.276 



1.152 



slnh icy 



1.178 



1.040 



.7858 



.5729 



76.214 
x cosh Ky 



-30.646 
x slnh Ky 



117.75 



109.90 



87.80 



31.92 



Z-x=41.5 



Z-x=26 



-x=10 



81.59 



3386 



2121 



77.98 



2027 



73.13 



3035 



1901 



70.21 



2914 



816 
780 



731 



702 
699 



6.00 



.3636 



1.067 



81.32 



11.41 



2901 



3.00 



.1818 



1.016 



5.61 



2980 



718 



-3.00 



1.000 



-.1818 



1.016 



-.1829 



-.3636 



1.067 



76.21 



3163 



1981 



83.04 



81.32 



92.73 



3446 



2159 



3848 



830 



927 



-9.00 



.5454 



1.152 



.5729 



87.80 



-17.59 



105.39 



4374 



-12.00 



.7272 



1.276 



-.7858 



97.25 



-24.12 



121.37 



5037 



1214 



-15.00 



-16.53 



.9090 



1.442 



-1.040 



109.90 



-31.92 



5886 



3687 



-1.178 



117.75 



153.91 



6387 



1418 



1540 



These data are plotted In figure 23 as solid lines. 



Table VIII - Comparison of Observed Stress Ratios with Cosh Ky 



y (In. J 



16.53 



12 



12 



16.53 



Observed 
stress, ( lb/sq In. ; 

S /s 0 



Section A 



7230 
1.418 



6380 
1.250 



5760 
1.130 



5280 
1.037 



5100 
1.000 



5330 
1.043 



5920 
1.162 



6800 
1.333 



8175 
1.604 



Observed 
stress, ( lb/sq in. ) 



Sections B and E 



4700 I 4180 I 3890 I 3650 I 3500 3560 3825 4275 5000 
1.342 1.195 1.110 1.032 1.000 1.022 1.095 1.220 1.430 



Values of Cosh Ky for 1= 47.0 and 1= 52.5 in. 



Cosh Ky 
Cosh Ky 



1.547 
1.431 



1.277 
1.220 



1.120 
1.096 



1.030 
1.024 



1.000 
1.000 



based on I = 47.0 
based on I = 52.5 
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Test Run A-14 
A-15 
A-16 
A-17 


Gage Station 


1.144 

0.2860 
2950 


0.287 
.310 
.279 
.268 


t-» 


0.376 

0.0940 
968 


0.099 
.088 
.097 
.092 


to 


0.261 | 

0.0653 
673 


0.071 
.072 
.048 
.070 




0.264 

0.0660 
680 


0.057 
.076 
.061 
.070 




0.296 

0.0740 
762 


0.097 
.064 
.059 
.076 


Oi 


0.345 

0.0863 
888 


0.083 
.089 
.099 
.074 


o> 


0.736 

0.1840 
1895 


0.183 
.183 
.188 
.182 
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0.2967 
3060 
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Table IX - Comparative Deflections of Side beams 



Load 


Deflection at midspan 


(lb) 


(in.) 






4-inch H-beam 


8- inch I-beam 


0 


0.000 


0.000 


2000 


.053 


.043 


4000 


.098 


.095 


6000 


.149 


.141 


8000 


.190 


.188 


10000 


.241 


.236 


12000 


.283 


.277 



00 



Table X 
Case I 



14.679 in.* 
5.043 sq in. 
2.255 in. 



Ia = 72.35 in.* 

Aa = 6.4032 sq in. 

ea = 4.380 in. 



1 = 



K 

KW i 

tanh (kw) : 
coth (kw) i 



47 in. 

16.53 in. 
0.0606 
1.0017 
0.7624 
1.3116 



coth Kw + tanh kw 
KW 

coth kw - tanh Kw 

KW 



2.0705 
0.5483 



1 + 



Ii 



= 0.6360 



ei*Ai 



.6293 



X,= |* = 0.16651 



X= 0.13114 



P = Pi + Pa = 8000 lb 
Substitution of these values In equations (70) to (73), (86) 
and (87) , yields 

m - «>.«» 

= 0.1965 



Pi = 656.9 lb. 
si(0) = - 235.49 



Pa = 3343.1 lb. 
sa(0) = - 153.90 



» 



Table XII 



> 

-3 



Case II 

I 

Ii = 14.14 in.* i a = 70.34 in.* £ 

t» 

Ai = 4.9416 sq in. Aa = 6.3016 sq in. H 

o 

ei = 2.302 in. ea = 4.453 in. «* 

CD 

I = 47 In. § 



w = 18.53 in. ^ 



K = .0606 
Kw = 1.123 
tanh (kw) = 0.7667 
coth (kw) = 1.3043 
coth kw + tanh Kw 



Kw 



= 1.8442 



ft = C ° th *\ w tanh « W = 0.4787 

4; ■ / n = °- 6494 1 = °- 640 

ei*Ai 

"4l = °-1905 A= 0.1494 

P = Pi + Pa = 8000 lb 
Substitution of the above values in equations (70) to (73;, (86) 
and (87) yields, 

sa(0) ~ °-5307 

^ = 0.1949 
x a 

9 

Pi = 652.5 lb. P B = 3347.5 lb , * 

8i(0) = - 84.57 aa(0 , = . 159.35 * 

o 

H 

CO 
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Table 13,14 



Table XIII - Computed Stresses 
Case II 





S 


tresse s 






Sect A 


Sect B 


Sect C 


^dev. 


*y 


cosh Ky 


slhh Ky 


71.75 x 
cosh Ky 


-27.211 x 
sinh Ky 




Z-x=41.5 


I -x=26 


Z-x=10 


18.53 


1.123 


1.700 


1.374 


121.96 


-37.39 


84.57 


3510 


2199 


846 


15.00 


.9090 


1.442 


1.040 


103.45 


-28.30 


75.15 


3120 


196*4 


752 


12.00 


.7272 


1.276 


.7858 


91.54 


-21.38 


70.16 


2912 


1824 


702 


9.00 


.5454 


1.152 


.5729 


82.64 


-15.59 


67.05 


2783 


1743 


671 


6.00 


.3636 


1.067 


.3716 


76.55 


-10.11 


66.44 


2757 


1727 


664 


3.00 


.1818 


1.016 


.1829 


72.89 


-4.98 


67.91 


2818 


1766 


679 


0.00 


0 


1.000 


0 


71.75 


0 


71.75 


2978 


1866 


718 


-3.0O| .1818 


1.016 


-.1829 


72.89 


+4.98 


77.87 


3232 


2025 


779 


-6.00 


.3636 


1.067 


-.3716 


76.55 


10.11 


86.66 


3596 


2253 


367 


-9.00 


.5454 


1.152 


- .5729 


82.64 


15.59 


98.23 


4077 


2654 


982 


-12.00 


.7272 


1.276 


-.7858 


91.54 


21.38 


112.92 


4686 


2936 


1129 


-15.00 


.9090 


1.442 


-1.040 


103.45 


28.30 


131.75 


5468 


3426 


1318 


-18.53 


1.123 


1.700 


1.374 


1 121. 96 


37.39 


159.35 


6613 


4143 


1594 



These data are plotted in figure 23 as dash lines. 



Table XIV - Stress Data for 8000-Pound Load on Beam 



Section A 


Section B 


Sectlo 


n C 


Gage N c . 


Stress 


Gage N c . 


Stress 


Gage N e . 


Stress 


(lb. J 




(lb.) 




( lb . 1 


H-3 


4020 


C-9 1 


2620 


1-1 




H-4 1 


3720 


C-8 


2000 


G-ll 


555 


H-5 


3730 


E-6 


1910 


F-8 


788 


A-2 


2580 


E-7 


1690 


F-9 


1010 


A- 3 


2670 


E-8 


1830 


F-10 


152 


Hugg 1 


1540 


Hugg 5 


2000 


F-ll 


242 


A- 4 


2730 


E-9 


2050 


G-l 


374 


A-5 


3110 


E-10 


1910 


0-2 


858 


A- 6 


2630 


E-ll 


2110 


G-3 


425 


Hugg 2 


2300 


F-l 


1870 


G-4 


475 


A- 7 


2530 


F-2 


1730 


G-5 


950 


A- 8 


3380 


Hugg 6 


1780 


G-6 


1870 


A-9 


2800 


F-3 


1950 


0-7 


1305 


Hugg 3 


3190 


F-4 


2780 


1-5 


1540 


A-10 


3460 


F-5 


3330 


1-4 


1980 


A-ll 


4020 


G-10 


4130 






E-l 


4070 


G-9 


4410 






Hugg 4 


3960 










E-2 


4780 










E-3 


5620 










H-6 












H-7 


6870 










H-8 


6780 
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Fige.1,2,3 
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Figs. 5,9 





Fig. 9 
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Figs. 6,7 




Figure 7.- Beam mounted in testing machine. 
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Figs. 10, 11 
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Figs. 12, 14 
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Pigs. 13,16 




Figure 16.- Loading system, unsymmetrical beam. 
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Figure 15.- Comparison of observed and computed stresses. 
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Figure 17.- Strain gage mounting on 
un symmetrical beam. 
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Pig. 19 
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(b) 



Figure 20.- Calibration chart for wire strain gage. 
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Fig. 23 
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Figure 23.- Stress distribution in the unsymmetrical beam. 



16 



20 



